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Abstract 

In this paper we prove that any smooth prime Fano threefold, different from the Mukai- 
Umemura threefold X22, contains a 1-dimensional family of intersecting lines. Combined 
with a result in [Sch] this implies that any morphism from a smooth Fano threefold of 
index 2 to a smooth Fano threefold of index 1 must be constant, which gives an answer in 
, dimension 3 to a question stated by Peternell. 

r-| . § 1- Introduction 

^ • (1-1) A smooth projective variety X is called a Fano variety if the anticanonical 

bundle —Kx is ample. Then the index of X is the largest positive integer r = r{X) such 
that —Kx = tH for some line bundle H on X. 
^ , The smooth Fano threefold X = Xd C P^+^ [d = deg X) is called prime if p{X) = 

I rank Pic(X) = 1, r{X) = 1, and —Kx is the hyperplane bundle on X. By the classifi- 
^ ' cation of Fano threefolds smooth prime Fano threefolds exist iff 3 < g < 12(g 7^ 11), and 
^ ■ then d = 2g-2 (see [II]). 

^ [ (1-2) (see §4.2, §4.4 in [IP], or §1 in [12]). Let / be a line on the smooth prime Fano 

O I threefold X, and let Ni/x be the normal bundle of / C X. Then 
_ ' (1). either (a). Ni/x = 0® C(-l); or (b). Ni/x = 0{1) © 0(-2). 

■ (2). The Hilbert scheme Tix of lines on X is non-empty, any irreducible component 
Ho of TCx is one-dimensional, and either Ho is non-exotic, i.e. Ni/x is of type (l)(a) for 
the general I G Ho', or Ho is exotic, i.e. Ni/x is of type (l)(b) for any / G Ho- 

^ ; (3) . The component Ho is exotic if either the elements I G Ho sweep out the tangent 

■ scroll -Ro C X to an irreducible curve C C X; or g = 3 (i.e. X = X4 is a quartic 
threefold), and then the lines / G Ho sweep out a hyperplane section Ro C X4 which is a 
cone over a plane quartic curve, centered at some point x G X4. 

(1.3) For example, the scheme Hx of the Fermat quartic X = X4 = {xq + ...+xl = 0), 
which is a prime Fano threefold of = 3, is a union of 40 double components each of 
which is of type (1.2)(l)(b) (see Rem. (3.5)(ii) in [II]). 

The only known example of a prime Fano threefold X oi g > 4 such that Hx has an 
exotic component Ho, is the Mukai-Umemura threefold X22. The scheme Hx^^ ~ 
and the surface Ro is the hyperplane section of X22 swept out by the tangent lines to a 
rational normal curve C12 C X22 of degree 12 (see [MU]). 

(1.4) By a theorem of Kobayashi and Ochiai the index r = r{Y) of a smooth Fano 
n-fold Y can't be greater than n + 1; and the only smooth Fano n-folds of r > n are P"" 
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for which r = n + 1 and the n-dimensional quadric Q2 for which r = n (see e.g. [Pe],p. 
106). In particular, except and Ql, any smooth Fano 3-fold must have index r < 2. 

It is shown by Remmert and Van de Ven (for n — 2) and later by Lazarsfeld (for any n) 
that the projective space does not admit surjective morphisms to a smooth projective 
n-fold X ^ P" (see [RV], [L]). The same is true for morphisms f : Q'^ X ^ P", 
(see [PS]). In particular, P^ and Ql do not admit surjective moprphisms to smooth Fano 
threefolds X of smaller index r{X). 

Let / : y — > X be a non-constant morphism between smooth Fano 3- folds of p = 1. 
By Kor. 1.5 in [RV], p{Y) = 1 implies that / must be surjective, and by the preceding 
r[Y) can't be > 3. Therefore r{Y) = 2, r{X) = 1. This gives rise to the following 
question stated originally by Peternell (see (2. 12) (2) in [Pe]). 

(Pe) Question. Arc there non-constant (hence surjective) morphisms f : Y ^ X 
from a smooth Fano 3-fold Y of p{Y) = 1 and r{Y) = 2 to a smooth Fano 3-fold X of 
p{X) = 1 and t{X) = 1 ? 

In this paper we give the expected negative answer to (Pe). 

Let / : y — > X be as above, and assume that / is non-constant. Then / must be 
surjective and finite since p{Y) = 1 (see Kor. 1.5 in [RV]). Therefore /* : if^(X, C) 
i/^(y,C) will be an embedding, in particular h^{X) < h^{Y) (see also [Sch]). For any 
Fano threefold h^'^ = and = 2/i^'^ since the anticanonical class is ample. Therefore 
h^'\X) < h^'\Y). Since h'^'\Y) < 21 for any Fano 3-fold F of r = 2 (sec [11]), then the 
existence of a non-constant morphism / : X — > F as in (Pe) implies that /i^'^(X) < 21. 
This gives a negative answer to (Pe) whenever /i^'^(X) > 21. 

The only smooth non-prime Fano threefolds of p = 1 and r = 1 are the sextic dou- 
ble solid X2 and the double quadric X4 for which the answer to (Pe) is negative since 
/i^'^(X2) = 52 > 21 and h'^'^{X'^) = 30 > 21. By the same argument the answer to (Pe) 
is negative also for the quartic threefold X4 since /i^'^(X4) = 30 > 21. Any other smooth 
prime Fano threefold X = X2g-2 C P»+S4 < g<12,gy^ll has h'^'\X) < 20 (see [II]). 

In [Sch] is given a negative answer to (Pe) provided X contains a conic of rank 2 (a 
pair of intersecting lines). The only known Fano threefold X of p{X) = 1 and r{X) = 1 
without intersecting lines is the Mukai-Umemura threefold X = X22, and a negative 
answer to (Pe) in case X = X22 is given by E. Amerik (see [Sch]). 

Therefore, in order to give a negative answer to (Pe), it is enough to prove the following 

(B) Proposition. Any smooth prime Fano threefold X2g-2 C P^^^, A < g < 12^ g ^ 
11, different from the Mukai-Umemura threefold X'22, contains a 1-dimensional family of 
conies of rank 2. 

In Section 2 we prove Proposition (B) for 4 < g < 9 on the base of the following 
technical 

(A) Lemma. A smooth prime Fano threefold X — X2g-2 C P^+^,3 < g < 9 can't 
contain the tangent scroll S2g-2 to a rational normal curve Cg of degree g. 

By a result of Yu. Prokhorov, the only smooth prime X — X2g_2, g — 10, 12 such 
that the scheme of lines Hx has an exotic component is the Mukai-Umemura threefold 
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(see [Pr]). This implies Proposition (B) for g = 10,12. Indeed, let X = ^2^-2 be 
a smooth prime Fano threefold such that the scheme of lines Hx on X has a non-exotic 
component Ho- Then, by Lemma (3.7) in [II], the general element of Ho will represent a 
line / C X which intersects at least one other line on X. 

This completes the proof of Proposition (B), which yields a negative answer to (Pe). 

In Section 3 we prove Lemma (A) for any particular value of g, 3 < g < 9. 

For the prime Fano threefolds ^29-2 C ps'+^ (g = 3,4,5,6,8) we prove Lemma (A) 
by using the Mukai's representation (see (3.1)) of the smooth ^2^-2, 3 < (7 < 10 as 
a complete intersection in a homogeneous or almost- homogeneous variety T,{g). More 
concretely we see that if the threefold X C ^{g) {g — 3, 4, 5, 6, 8) is a complete intersection 
in T,{g) of the same type as the smooth prime X2g-2, and if X contains the tangent scroll 
S2g-2 to the rational normal curve Cg of degree g, then X must be singular - see (3-4), 
(3.5), (3.6), (3.13), (3.15), (3.19). 

For g — 7 we use the properties of the projection from a special line I C -^^2^-2, 9^7 
to reduce the proof of Lemma (A) for = 7 to the already proved Lemma (A) for = 5 

- see (3.20) - (3.24). To prove Lemma (A) in case g = 9 we can use the same approach 
as for g = 7. But a more elegant proof, based on the description of the double projection 
from a line, had been suggested by the Referee - see (3.25). 

§ 2. Lemma (A) =^ Proposition (B) for 4: < g < 9. 

(2.0) Assume that the smooth prime Fano threefold X — ^25-2 (4 < 5 < 9) does 
not contain a 1-dimensional family of conies of rank 2. 

(2.1) Lemma. Under the assumption (2.0): 

(i) . The Hubert scheme Tix of hnes on X has a unique irreducible component 7io; 

(ii) . Ho — Hx is exotic, and the hnes I e Ho sweep out a tangent scroll Ro G 
\Ox{d)\,d>2. 

Proof of (2.1). 

(i) . Let Ho and H^o be two different irreducible components of Hx, and let Ro and R^o 
be the surfaces swept out by the lines / G Ho and / G Hqo- Since Pic(X) = Z.H, where 
H is the hyperplane section, any effective divisor on X must be ample. In particular 
the general line / G Ho intersects the surface i?oo C X. If moreover / C -Roo for the 
general / G Ho, then Ro — Roo and this surface contains two 1-dimensional families of 
lines. Therefore Ro = Roo is a quadric surface on X, which contradicts Pic(X) = Z.H. 
Therefore the general / G Ho intersects Roo and does not lie in Roo', and since Roo is swept 
out by lines then there exists a line I' C Roo which intersects /. Since / G Ho is general 
this produces a 1-dimensional family of intersecting lines I + I' (= conies of rank 2 on X) 

- contradiction. 

(ii) . If Hx — Ho is non-exotic then, by Lemma (3.7) of [II], the general element of 
Ho will represent a line / C X which will intersect at least one other line m G X, i.e. X 
will contain a 1-dimensional family of intersecting lines (= conies of rank 2). Therefore 
Ho is exotic. 
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Since Tio is exotic and > 4 then Ro is the tangent scroll to a curve C <Z X (see 
(1.2)(3)), and since Pic(X) = Z.H then e \Ox{d)\ for some ineteger d > I. If Ro 
is a hyperplane section of X (i.e. d — 1) then, by Lemma 6 in [Pr], C — Cg must be a 
rational normal curve of degree g. However the last is impossible since then Lemma (A) 
will imply that X is singular. Therefore d >2. q.e.d. 

We shall show that nevertheless X contains a 1-dimensional family of conies I + m oi 

rank 2 where l,m & Tio- 

Remark. Let Cg be the (possibly empty) set of singular points of C . For any x G 
C — Cs denote by the tangent line to C at x. For a point x = x{0) G Cg define a 
tangent line to C at x to be any limit limx{t)^x(o) lx{t) of tangent lines lx(t) to points 
x{t) E C — Cg (see Ch.2 §4 in [GH]). Clearly, C can have only a finite number of tangent 
lines to x{0) G Cg (see also Ch.2 §1.5 in [Sh]). 

(2.2) By the initial assumption (2.0). X does not contain a 1-dimensional family 
of conies of rank 2. In particular, X does not contain a 1-dimensional family of pairs of 
intersecting tangent lines to C. 

Since the surface Ro e \Oxid)\, d > 2, and Span X = P^+i then Span Ro = P^+^ 
g > 4: (see also Lemma 6 in [Pr]). Since Ro is swept out by the tangent hues to C then 
Span C — Span Ro = P^"*"^. In particular C does not lie on a plane. Since Ro is the 
tangent scroll to the non-plane curve C then Sc is singular along the curve C. 

Let L 7^ C be (if exists) an irreducible curve on Ro such that Ro is singular along 
L. If L is not a tangent line to C, then the general point of L will be an intersection 
point of two or more tangent hues to C (see §4 in [P2]). The last is impossible since, by 
assumption, on X can lie at most a finite number of pairs of intersecting lines. 

Therefore any irreducible curve L ^ C such that L C Sing Ro must be a tangent line 
to C. In addition, the tangent scroll Ro to C still can be singular along a tangent line L 
to C - for example if L is a common tangent line to two or more branches of C at x', or 
if C has a branch with a cusp at x, or if x G C — but x is an inflexion point of C and 
then Rg has a cusp along Z^, etc. (see §2, §4 in [P2]). 

Let A C -Ro be the union of all the irreducible curves L on Ro such that L ^ C and 
Ro is singular along L. By the above argument, either A = or A is a union of a finite 
number of tangent lines to C. 

Let 1/ : it!„ — > it!o be the normalization of Rg- Fix a desingularization t : Rn ^ Rn, 
and let a — T o 1/ : Rn ^ Ro- Let Ei, ...,Ek {k > 0) be all the irreducible contmctable 
curves on i.e. all the irreducible curves Ei C i?„ such that cr{Ei) G -Ro is a point. 

Denote by ~ the linear equivalence of divisors on the smooth surface -R„, and let E 
be a divisor on R^. Call E a zero divisor on Rn if -E ~ 0; call the non-zero divisor E 
contractable if -B ~ aiEi -f ... -|- a^-Efc for some ai, G Z. Let C C Rn be the proper 
(T-preimage of C on -R„. Since -Ro is the tangent scroll to the irreducible curve C then the 
curve C is irreducible and (t|c/ : C" — > C is an isomorphism over a dense open subset of 
C (see also Lemma (2.3) below). 

Let C(,...,C'. be all the irreducible curves on -R„ such that cr{Cl) is an irreducible 
component of A. Therefore 
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for some positive integers m,pi, ...,Pr, and a contractable (or zero) divisor E on 

(2.3) Lemma. Let X fulfills (2.0). Th.cn tlie tangent scroll Ro C X to C has a cusp 
of type f ^ = -u^ + ... along C , at a neighbourhood of the general point x € C C Ro', in 
particular m = multc Ro = 2 (see also §5 in [P2] and §4 in [PI]). 

Proof of (2.3). 

(1) . We shall see first that Ro is irreducible at any neighbourhood of the general 
point X & C, i.e. Ro has one local branch at x. 

Assume the contrary, and let x G C be general. Let ?7 C X be a complex-analytical 
neighbourhood of x such that Ru = RoCl U is reducible. Since Ro is swept out by the 
tangent lines to C, the last imlies that for the general point y G Cu = C nU (hence for 
the general y E C) there exists (possibly non-unique) z & C , z y such that y lies on a 
tangent line to C at z. Since the set = {xi, ...,Xs} of singular points of C is finite (or 
empty), and any such Xj has at most a finite number of tangent lines, then the general 
y E C doesn't lie on a tangent line to z E Cg- Therefore the general y & C lies on the 
tangent line Iz to C at some (possibly non- unique) z E C — Cg- 

If moreover ly ^ 1^ (where ly is the tangent line to C at y) then all such ly + 1^ will 
produce a 1-dimensional family of conies of rank 2 on X, which contradicts the initial 
assumption (2.0) about X. 

If ly = Iz then this will imply that the tangent line ly to C at the general y G C is 
tangent to C at two or more points. But then the projection C of C C P^+^ from the 
general subspace ps~^ c Pf+^ = Span X will be a plane curve with a 1-dimensional 
family of lines tangent to C at two or more points, which is impossible. 

(2) . It rests to see that the unique local branch of Ro at the general x e C has a 
cusp of type = + ... along C at a neighbourhood of x. 

Since Ro G |(9x('i)| and d>2, then Span C = Span Ro = P^^"*^, g > 4: (see above). 

Let a; be a general point of C. In order to prove that the tangent scroll Ro d X to 
C has a cusp of type v'^ — -\- ... di, neighbourhood of x it is enough to see that the 
projection of Ro from a general Pf~^ c Pf+^ has a cusp at x. This reduces the check to 
the case when Ro is the tangent scroll to a curve C C P^. 

Since a; is a general point of C C P^ then, after a possible linear change of coordinates 
in P^, the curve C has (at x = (1 : : : 0)) a local parameterization, or a normal form 
(see §2 in [P2], or Ch.2 §4 in [GH]): 

Cu : {xo{z) : ... : Xn{z)) = (1 : ^ + o{z'^) : z"^ + o{z^) : z^ + o{z^)), \z\ < 1, 

where o{z^) = Tij^k ajz^ . Since the coefficient at z'' in Xk{z) = + o{z^^^) is 1 7^ 
{k = 2, 3) then, after a possible linear change of {xi,X2, x^), the local parameterization of 
C at X = (1 : : : 0) can be written as 

Cu : {xo{z) : xi{z) : X2{z) : Xsiz)) = {1 : z + o(^^) : z'^ + o(z^) : z^ + o{z^)), \z\ < 1, 

i.e. Cu approximates, upto o{z'^), the twisted cubic C3 = {(1 : z : z^ : z^) }. Therefore, 
at a neighbourhood of x = (1 : : : 0), the unique local branch (see (1)) of the tangent 
scroll Ro to C is parameterized by 
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Ru : {xo{z,t) : Xi{z,t) : X2{z,t) : X3{z,t)) 
= {1: z + t + 0(2^) + o{z^)t : z^ + 2zt + o{z^) + o{z^)t : z^ + 3zH + o(^'^) + o{z^)t). 

In affine coordinates (xi, 2:2, Xs) the tangent line to C at a; = (0,0,0) is spanned by 
the vector Ux — (1,0,0), and the normal space C C^{xi,X2,xs) to at x is defined 
by xi — 0. In order to prove that Ru has a cusp along C at a neighbourhood of x we 
shall sec that the curve Du = Rjj fl {xi = 0) C has a cusp at x. 

On Du = Ru n {xi = 0) , one has: = Xi = z -\-t-\- o{z'^) + o{z^)t, i.e. t — —z-\- o{z'^) . 
Let u = —X2, V = —X3/2. Therefore, on Du C 

u = -(^2 ^ 2zt + o{z^) + o(z3)t) = ^2 ^ oiz^) 
V = -l/2{z^ + 3zH + o{z'^) + o{z^)t) = z^ + o{z'^)), 

i.e. u'^ = z'^ + o{z^), uv = z^ + o{z^), v"^ = z^ + o{z'^), u'^ = z^ + o{z^), tPv = z'^ + o{z^), ... 

Let C\u = {fui^jv) = 0) be the local equation of Du C Cl{u,v) at x = (0,0). 
Therefore, upto a constant non-zero factor, fu{u, v) = — u^ + C2,iu^v + ci^2uv'^ + i.e. 
C\u has a double cusp-singularity of type v'^ — + ... at a; = (0, 0) (see §5 in [PI], §4 in 
[P2], Ch.5 Examples 3.9.5, 3.9.1 and Ch.l Exercise 5.14 in [H]). 

Therefore R = R^ has a pinch of type v'^ = + ... along C at a neighbourhood of 
the general point x E C, which proves Lemma (2.3). 

(2.4) By the definition of C[, C'^ any irreducible component of A can be represented 
(possibly non-uniquely) as the image cr(Cj') of some C'^, i = 1, ...,r. Since a\c' : C" — > C is 
an isomorphism over an open dense subset of C then the general point x & C has a unique 
(T-preimage x' on C, and the proper preimage l'^ C Rn of the tangent line to C at x 
intersects C transversally at x'. Since, by assumption, on X doesn't lie a 1-dimensional 
family of pairs of intersecting lines then the tangent line to C at the general point 
X E C does not intersect any other tangent line to C. 

Therefore the non-singular surface Rn has a structure of a possibly non-minimal ruled 
surface with a general fiber L' :— the proper cr-preimage of the general tangent line to 
C. In particular Kp^^.L' = —2, and since the curve C" is a section of Rn then C'.L' — 1. 

By the definition of C- the curves o"(C-) C Ro are irreducible components of A; and 
since by (2.2) the components of A can be only tangent lines to C then o'(Cj') is a tangent 
line to C. Therefore any component of a^^{a{Cl)), in particular C'^, will not intersect the 
general fiber L' of R^ i.e. C^'.L' = 0. 

Moreover a contractable curve Ej can't intersect the general fiber of i?„ since otherwise 
the point cr{Ej) G Ro will be a common point of a 1-dimensional family of tangent lines 
to C. The last is impossible since g > 4: and the smooth X = X2g^2 can't contain cones - 
see (1.2). Therefore Ej.L' = for any j = 1, fc; and since is a sum of such Ej then 
E.L' = 0. 

Since Kx ^ —H and Ro ~ dH on X then, by adjunction, Kr^ ~ {d — l)H\ii^. Since 
the hyperplane section H intersects the general tangent line / to C at one point then 
a*{H\ji^) is also a section of Rn, i.e. a*{H\ji^).L' = 1. Therefore 

-2 = K^^.L' = {a*KR^ - mC - S,=i,...,, p,Ci + E).L' 
= (d - l)a*{H\Rj.L' - mC'.L' - E^^i,...,^ PiC'^.L' + E.L' = {d - 1) - m, i.e. d = m - 1. 
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Since X = ^2p-2 is smooth and g > 4: then, by Lemma (A), d > 1. Therefore 
m — d+l > 2, which is impossible since m = 2 by Lemma (2.3). 

This contradicts the initial assumption (2.0) that the smooth X = X2g-2, 4: < g < 9 
does not contain a 1-dimensional family of conies of rank 2. q.e.d. 

§ 3. Proof of Lemma (A) 

(3.1) By [Ml], [M2] any smooth prime Fano threefold X2g-2 C P^+S ^ < g < 
10 is a complete intersection of hypcrsurfaces ^1,^2, •••,-p7v of deg rees di, d2, d]\f in a 
homogeneous (for g — 6 - an almost homogeneous) space S(g'), and: 

if ^ = 3 then S(3) =P\ N = 1, d^ = 4; 

if ^ = 4 then E(4) =P^, N = 2, d^ = 2, 4 = 3; 

if ^ = 5 then E(5) = P^, = 3, di = d2 = ds = 2; 

if = 6 then S(6) = K.G{2, 5) C P^° is a cone over the grassmannian G(2, 5) C P^, 
AT = 4, di = (^2 = c?3 = 1, c?4 = 2; 

if 7 < ^ < 10 then X2g-2 = S(^) n P»+^ where E(7) C P^^ is the spinor 10-fold, 
S(8) = ^(2, 6) C P^^ E(9) C P^3 is the sympletic grassmann 6-fold, and E(10) C P^^ is 
the G2-fivefold. 

(3.2) To prove Lemma (A), it is enough to see that if X = X2g-2 C 2(5') is a 3-fold 
complete intersection as in (3.1) (assuming implicitly that such X may have singularities) 
then X2g-2 can't be smooth. We shall prove this separately for any value of gf, 3 < < 9. 

For g — 3, 4, 5, 6, 8 we use that T,{g) is either a projective space or a (cone over) 
grassmannian, which makes it possible to compute directly that the general such -^^25-2 ^ 
S2g-2 must have 12 — 5 singular points on the curve Cg. 

For 5 = 7, 9 we assume that X = X2g-2 C S2g-2 is smooth, and then project X from 
a tangent line to Cg to derive a contradiction on the base of the already known Lemma 
(A) for g — 5. 

(3.3) Notation. Let n > 1, m > be integers, let P^+^{z : w) = P'*+'"(zo : z^: 
Wn+i : ■■■ : Wn+m) be the complex projective (n -|- m)-spacc, and let F{z : w) = F{zq : ... : 
Zn : Wn+i : ... : Wn+m) be a homogeneous form. Denote by V^F = {dF/dzo, ...,dF/dzn) 
the gradient vector of F with respect to (z) = {zq : ... : Zn). 

Let Fi{z : w), Fk{z : w) {k> 1) be homogeneous forms. Denote by: 
(Fi,...,Ffe) <Z C[z : w] = C[zo : ... : Zn Wn^i : ... : Wn^m[ ~ the homogeneous ideal 
generated by Fi, ...,Fk] 

V{Fi, Ffc) - the projective variety defined by Fi, F^; 

Jz\{a:b) = Jzi^i,..., Fk)\(a:b) = W zFi, V ;,Fk]\(a:b) - the Jacobiau matrix of partial 
derivatives of Fi, ...,Fk with respect to (z) = {zq, ...,Zn), computed at the point (a : 6) e 
pn+m^^ . ^-j^ (where V^F^ are regarded as rows of J^). 

Let e.g. TO = 0, let X = V{Fi, ...,Fk) C P"(zo : ... : Zn), and let dim X = d. Then 
d,im Tx X > d for any a; G X, where X is the tangent space to X at x\ and the point 
X E X is singular if dim T^. X > d (see e.g. Ch. 2, §1.4 in [Sh]). Equivalently x G X is 
singular if rank Jz\x < n — d. The subset Sing X = {x E X : rank Jz\x < n — d} G X 
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of all the singular points of X is a proper closed subset of the projective algebraic variety 
X, defined on X by vanishing of all the (n — x (n — d) minors of J^. 

(3.4) Proof of Lemma (A) for g = 3. The tangent scroll to the twisted cubic 
C3 : {xq : x\ : X2 x^) — s :— (sq : SqSi : So^i : s?) is the quartic surface S4 — V{f) C 
P^(a;) where f{x) = 8x^x1 + 6x0X1X2X3 —4x^X3 — XpXg — 4xqX2. The surface S4 is singular 
along C3 since the gradient vector Vx/|s = for any s*G C3. 

Let the quartic threefold X4 C P'^(x : u) be such that S'4 = X4 fl P'^(x), and let 
X4 = V{F) C P'^(x : u) where F(x : u) = So<fc<4 fi{x)u'^~\ Therefore /4 e (/), i.e. 
/4 = cf for some constant c e C. 

Let X e X4. Then x e Sing X4 iff Vx,uFx = 0. Let s = {sq : si) e P^ Then 
{s: 0) G 5m(7 X4 z^O = V,,nF|(,.o) = (V.F, 9F/9t.)|(,.o) = (V./|,., ^(s)) = (0,/3(s)). 

Therefore either /3(s) = (i.e. /3(s) = for any s = (sq '■ Si)), and then X4 is 
singular along C4, or fs{s) ^ 0, and then (s : 0) G S'mg' X4 iff s = (sq : Si) is a zero of 
the (non-vanishing) homogeneous form ^9(5) = f^i^s) = /3(so • ^0^1 '■ ^0^1 '■ ^1) of degree 
9. 

In addition, for the general /3(x) all the zeros of ^9(5) = fai^) are simple, i.e. different 
from each other. Therefore the general X4 D S'4 has 9 = 12 — g{X4) singular points on 
C3. In coordinates as above, these singular points of X4 arc the images of the 9 zeros of 
^9(5) under the Veronese map f3 : P^ ^ C3 C X4, V3 : s = {sq : Si) ^ {s : 0). 

(3.5) Proof of Lemma (A) for g = 4. The tangent scroll to the rational normal 
quartic C4 : (xq : Xi : ... : X4) = s := {sq : s^Si : ... : s^) is a complete intersection 5*6 = 
V{q, f) C P^(x) where q{x) — 8x2 — 4xiX3+XoX4 and /(x) = x| — 2x0X3 — 2x^x4 + 8x0X2X4. 
The surface Sq is singular along C4 since the gradients of q and / are linearly dependent 
along C4; more precisely V^/ls = s^sf'S/xqls for any s G C4. 

Let Xq = V{Q,F) C P^(x : -u) be a complete intersection of the quadric Q{x : 
z) = So<fc<2 qk{x)u^~^ = and the cubic F(x : z) = So<i<3 qi{x)v?'~^ = 0, and let Sq ~ 
X6nP^(x). In particular, (q2, fs) C {q, /) as homogeneous ideals in C[x] = C[xo : ... : X4]. 

For the fixed Xq = V{Q, F) the generators Q, F of the homogeneous ideal (Q, F) can 
be replaced by c'Q and c"F + L{x : u)Q, for any pair of nonzero constants c' and c", and 
for any linear form L{x : u). Now, (^2, /s) C (g, /) yields that one can choose Q and F 
such that q2 = e'q and f^, = e"f, where e', e" are either or 1. 

Consider the general case e' — e" — 1; the study in the degenerate case e'.e" = is 
similar. The subschcmc Sing Xq = Sing V{Q,F) is defined by rank [Vx,uQ', ^x,uF] < 1. 
By the choice of Q and F, Vx,uQ\{s:0) = (Vj.g2|s, gi(s)) and Vx-,«F|(s;0) = iyxf3\s,f2{s)), 
where l.q2 = q and I./3 = /. Just as in case g = 3, the last together with the identity 
^xf\s- slsjVxqls = imply that (s : 0) G Sing Xq iff F^^s) := /2(s) - sls\.qi{s) = 0, 
where s= (sq '■ SqSi : ■■■ : sf). 

The Veronese map V4 : C4 <Z Xq, V4 : s = (sq : Si) (s : 0) states an 

isomorphism between P^ and C4. Therefore either Fs{s) = 0, and then Xq is singular 
along C4, or Fs{s) ^ 0, and then the singular points of Xq on C4 arc the f4-images of 
the zeros of the homogeneous form Fs{s) of degree 8. As in case g = 3, for the general 
f2{x),qi{x) the form F^{s) has only simple zeros. Therefore the general Xq D Sq has 
8 = 12 — g{XQ) singular points on C4. 
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(3.6) Proof of Lemma (A) for g = 5. The tangent scroll to the rational normal 
quintic C5 : = sl~^s\,0 < i < 5 is a complete intersection Ss — V{q',q",q"') C P^{x) 
where q'{x) — Axix^ — Sx^ — X0X4, q"{x) — Sxix^ — 2x2X3 — xqx^ and q"'{x) — xix^ — 
4x2X4 + 3,x|. The surface 5*8 is singular along C4 since the gradients of q', q" and q'" are 
linearly dependent along C5. More precisely 

(*) sf^xq'\s-soSiVxq"\s-slWxq"'\s^ for any s e C5. 

Let Xg = V{Q' ,Q" ,Q'") C P^(a; : -u) be a complete intersection of the quadrics 
Q^{x : z) = So<fc<2 ql{x)v?~^ {i ='," ,"'), and such that Ss = Xgd P^(a;). In particular 
{QijQuQT) C {q',q",q'") as homogeneous ideals in C[x] = C[xq : ... : X4]. Therefore q[, 
q" and q"' are linear combinations of g', q" and q'". Since the ideal (Q', Q", Q") of is 
generated also by any G'L(3)-transform of the triple {Q' ,Q" ,Q"'), we may assume that 
0.2 = ^'1' ■> I2 = ^"q" ^^'^ Q2' = s"'q"', where e', e" and e'" are or 1. The subscheme 
{Sing Xs)\ci C P^ is defined by 

(**) 2 > rank [V^.uQ'; V^.uQ"; V,,uQ"']\m 

^rank [{V .e' q%, qHs)); Vis, {^.e"'q"%q'l'{s)]. 

Let Fr{s) = e'slq[{s) - e"soS,q'l{s) - s'" s^q'!' (s) . 

The Veronese map : P^ — * C5 C Xq, : s = {sq : Si) t— (s : 0) states an 
isomorphism between P^ and C5. Just as in (3.5), (*) and (**) imply that either 
Ft{s) = 0, and then X^ is singular along C5, or F-j{s) ^ 0, and then the singular points 
of Xq on C5 are the i'5-images of the zeros of the homogeneous form ^7(5) of degree 7. 
Moreover, for the general linear forms qi{x),qi{x),qi'{x) the form ^7(5) has only simple 
zeros. Therefore the general Xg D Ss has 7 — 12 — g{Xs) singular points on C5. 

Lemma (A) for g = 6,8. 

(3.7) Lemma. Let n > 3, and let G = G{1 : n) = G{2,n + 1) C P"("+i)/2-i be 
the grassmannian of lines in P" = P(C"+^). Let C C G C P"("+i)/2-i Jjq q smooth 
irreducible curve such that dim Span{C) > 3. Let the surface Gr{C) C P" he the union 
of lines I C P" such that I e C G G ^ G{1 : n), and let Sc C Span{C) C P"("+i)/2-i he 
the surface swept out by the tangent lines to C (or the tangent scroll to C - see above). 

Then the tangent scroll Sc to C lies on G = G{1 : n) ijf 
either all the lines I G C have a common point, i.e. Gr{C) is a cone, 
or there exists an irreducible curve Z C P" such that all the lines I e G are tangent 
lines to Z, i.e. Gr{G) is the tangent scroll to Z. 

Proof. For n = 3 this result can be found in [AS]. For n > 3 one can apply induction, 
using the fact that projection from a point in P" induces a projection from G{2,n + 1) 
onto G{2,n). 

(3.8) Lemma. Let Gg C G{2,g/2 + 2) = G{1 : pa/^+i^ (g = 6,8) be a rational 
normal curve such that the tangent scroll S2g-2 to Gg is contained in G{2, g/2 + 2). Then: 

(i). If g = 6 then the lines I C P'^, I G Cg sweep out the tangent scroll to a rational 
normal curve C4 C P"^. 
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(ii). If g = 8, and if there exists a 3-fold linear section X14 = G{2, 6) fl such that 
Xi4 D Si4, then the lines {I C 1*^ : I E Cg} sweep out the tangent scroll to a rational 
normal curve C5 C P^. 

Proof. Let g — 6,8, let the lines I e Cg sweep out a cone Gr{Cg) C pf/^+^ - see 
(3.7), and let x be the vertex of Gr{Cg). Then Cg is contained in the Schubert g'/2-space 
P^/^ = 0-3/2,0(2^) = C ps/2+1 ; x G /}. Since Cg is projectivcly normal it must span a 
(yf-space. Therefore g < g/2 + 1 which contradicts g = 6,8. Therefore, by (3.7), the lines 
/ G Cg must sweep out the tangent scroll to a rational curve Ca C P3/'^+^, 

Let ^ = 6, and let C P=^ C Pi Then Cq C G{1 : P^) = (7ii(p3) c ^(1 : P^). 
Therefore 6 = dim{Span Cq) < dim{Span G{1 : P^)) = 5 - contradiction. Therefore 
d > 4 since Cd must span P^, and now it is easy to see that the rational normal curve Cq 
is the curve of tangent lines to C^ iff d = 4. 

Let g = 8, and let Cd C C Pi Then Cg C ^(1 : P^) = ctii(P^) C ^(1 : P^). 
Let Pi = Span G{1 : P^). Then P« = Span Cg C P^. By condition Cg C Xu = 
C(l : P5) n Pi Therefore P« C P^ n P^ and Xu D Z„ := C(l : P^) n Pi Since 
p8 p9 _ gpd^ Q(^i ■ p4^^ jg g^|- igagt a hyperplane section of the 6-dimensional 
grassmannian G(l : P^). This contradicts X14 D and rfim X14 = 3. Therefore c? > 5 
since Span Cd = P^, and now it is easy to see that the rational normal curve Cg is the 
curve of tangent hues to Cd iff d = 5. q.e.d. 



(3.9) By (3.1) any smooth prime Xio is a complete intersection of three hyperplanes 
and a quadric in the cone K.G{2, 5) C P^°. Let o be the vertex of the cone K.G{2, 5) C 
P-'^'^, and let X C K.G{2,5), be as in (3.1). There are two kinds of such threefolds Xio 



(i) . g = 6 - first kind: Span{X), and then the projection Po from sends X 
isomorphically to Xiq = C(2, 5) n P^ fl Q, where G(2, 5) C P^ by the Pliicker embedding, 
p7 ^ p9 Q is a quadric. 

(ii) . g = 6 — second kind: o G Span{X), and then tt = Po\x '■ X = X[q — >• Y5 is a 
double covering of a threefold = G(2, 5) n P^. In particular, if X[q is smooth then the 
intersection Y5 = C(2, 5) n P^ is smooth. 



(3.10) Let Xio = G(2, 5)nP^nQ be a (possibly singular) complete intersection as in 
(3.9) (i), and assume that Xio contains the tangent scroll Siq to a rational normal curve 
Cq of degree 6. By Lemma (3.8) (i) the points of Cq are the Pliicker coordinates Xij{s) of 
the tangent lines to a rational normal quartic C4 — Xi — s'',0 < i < 4, i.e. 



Proof of Lemma (A) for g = 6. 



(see [II], [Gu]): 



g = 6 (first kind) 



/ 1 2s 
... 




3s^ 4s3 \ 
2s^ 





\ 



J 
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Therefore the subspace = Span{CQ) C is defined hy Hq = Hi = H2 = where 
Hq = — 3xi2, Hi = — 2x13 and H2 = X14 — 3x23- 

(3.11) Introduce in P® the coordinates {v) = {vq : ... : Vq) = {xqi : X02 : X12 : X13 : 
2^23 : 3^24 : 2^34), and let Isio := C[vo, vq] be the homogeneous ideal of the tangent 
scroll S'lo C P^ to Cq. Let Pfk = XabXcd - XacXbd + XadXhc, 0<a<b<c<d<A: 
a,b,c,d ^ k {k ^ {0,1.2,3,4}) be the 5 Pliicker quadrics in the coordinates Xjk- In 
coordinates (v) of P^ = P^{v) the restrictions Qk of Pfk to P^ are 

qo{v) = V2VQ - + 3vj, qi{v) = ViVq - S^s^s + q2{v) = VoVq - 9V2V4 + 2vl, 

Qsiv) = VqV^ - SviVi + 2V2V3, q^{v) = VqV^ - V1V3 + 3v|. 

In the open subset Uq = {vq = 1} C P^{v) the curve Ce is parameterized by Cq — 
{(v) = s:= (1, 2s, 2s^, s^ 2s^ s^)}. 

Now, it is easy to see that the quadric q{v) = 5v2t'4— 2vii;5+3i;oW6 vanishes at the points 
of the tangent scroll 5'io to Cg, and the homogeneous ideal Is^o — {Qo: ■■■■,<14:Q) C C[v]. 

Let Jy = Jvi.%, ■■■iIaiI) be the Jacobian matrix of (?0) 94! ?) with respect to v ~ 
(vi, We)- The surface Siq C V5 is singular along Cg since rank Jy\g < 4 = codim-pn Siq 
for any s G Cg. For the special choice {v) of the coordinates this can be verified directly: 

s-'V„go|s = (0,s4,-2s3,6s2,-2s,l), s'^V ^qiU = {s\ -Qs\2s\As\ -?,s,2), 

^vq2\s = (0,-9s^8s^-9s^0,l), sV^q3\s= {-2>s\As\2s\-Qs\s,Q), 
s'^Vyq^\s = (-2s3, 6s^ -2s3, s^, 0, 0), and Vyq\s = (-4s^ 5s^ 0, Ss^, -4s, 3). 

(*). Therefore rank J„|^ = 4 for any s G Cg; and the linear 4-space of linear 
equations between the gradients V„q'o | V^g4| 5- and V^gl^- is spanned on the Pfaff- 
equation s~^Vt,go|s + s~^V„gi|s'+ V^g2|s + sVt,g3|s-+ s^V„g4|^ = and the 3-space of 
equations V^q\g^ ao-s"^V„go|s + ai-s"^V„gi|s'+ a2.V^g2|s + a3-sV^g3|s'+ a4.s^V„g4|s = 
where: 

(**). oo + 4a3 + 3a4 = 8, ai — 303 — 2a4 = —4, 02 + 2a3 + 04 = 3. 

(3.12) In the dual space P^, let G — G{2, 5) C P^ be the grassmannian of hyperplane 
equations represented by the skew-symmetric 5x5 matrices of rank 2. It is easy to see 
that the plane 11 =< Hq, Hi, H2 >C P^ of hyperplane equations of P^ = Span Cq does 
not intersect G. 

Let A C n be any fine in 11. In P^, the fine A defines, by duality, the subspace 
P^(A) D P6 = Span Cg. It is easy to see that the fourfold W{A) = Gn P^(A), where 
G = G{2,5), is smooth. In fact, W^(A) will be smooth iff the line A does not intersect 
G. The last is true since A C 11 and 11 fl (5 = 0. Therefore any Xiq D 5*10 is a quadratic 
section of the smooth 4-fold W = W{A). 

(3.13) Let Xio = G{2, 5)nP'^ HQ D 5*10, where Q is a quadric. We shall show 
that the singularities of Xio on Cg are the zeros of a homogeneous form of degree 6 on 
Gq = P^. To simplify the notation, we shall show this for one special choice of the fine 
A C n (sec (3.12); the check for any other A C 11 is similar. 

Let A = {H2 = 0} C n. Then, in coordinates (f) and u = X14 — 3^23 in P^(A), the 
subspace P^{x) = {u = 0). Therefore any quadric Q C P^(A), such that Q fl Xiq = Sio, 
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can be written in the form Q = Q{v,u) = cv? + L{v)u + q{v) where c G C and L is a 
hnear form of [v). 

Let Qk{v,u) {k — 0, 1, ...,4) be the restriction of the Pfaff quadric Pfk on P'^{v,u), 

and let J„,u = ['Vv,uQo', '^v,uQi, '^v,uQo] be the Jacobian matrix of (Qo, Q4, Q)- 

The singularities of Xiq on Cq are the points (s : 0) e P'' for which rank Jv,u\{S:Q) < 4 
— codimpr XiQ. 

Let li{s) = dQi/duy, i = 0, ...,4. The rows of J„,„|(^,o) are Vu,vQi\is:0) = (V^gil^-, 
i = 0, ...,4 and V„,^(5|(s:o) = (V„q'|s-, -L(s)). For the special choice of the line A C H, the 
linear forms k — li{s) are {lo, h, h, h, U) = (s^, 0, — 3s^, —2s, 0). 

Therefore, in view of (*), Xio will have a singularity at (s, 0) G Cq if there exist 
constants ao,...,a4 satisfying (**) and such that L{s) = (ao — 3a2 — 203)5^ (here s — 
(1, 2s, s\ 2s■^ s^ 2s^ s^) - see above). 

By (**) ao — 3a2 — 2a3 = —1. Therefore, in homogeneous coordinates {sq : Si), 

— * 

s — Si/sq, the variety Xiq will be singular at the point ((s) : 0) G iff Fq{sq : Si) := 
Z/(so : 2sqSi : SqS^ : 2sqS^ : SqS^ : 1sqs\ '. s^) + SqS^ = 0. 

The Veronese map Vq : ^ Cg C Xiq, : (sq : Si) i-^ (s : 0) = (sq : 2sqSi : 
Sqs\ : 2sqsI : SqS^ : 250-51 : : 0), states an isomorphism between P^ and Cq. Therefore 
either Fq{so : Si) = 0, and then Xiq is singular along Cq, or Fq{so : Si) ^ 0, and then 
the singular points of Xiq on Cq are the I'e-images of the zeros of the homogeneous form 
Fe{so : si) of degree 6. 

The choice of an arbitrary line A C H will only change the homogeneous sextic forms 
defined by li{s),i — 0, 4. q.e.d. 

g = 6 (second kind) 

(3.14) Let n : X = X[q ^ F5, X C P^, be a double covering of the Del Pezzo 
threefold Y5 — G{2, 5) fl branched along the quadratic section B C Y5. Below we shall 
identify the branch locus B CY5 and the ramification divisor R C X[q, R'^ B. 

(3.15) Assume that X contains the tangent scroll S — Sio to the rational normal 
sextic C = Cg, and let / C 5" be a general tangent line to C. Then Ni/x = 0{1) © C(-2) 
(see (1.2)), and n{l) C F5 also is a line. If N^iiyvs = O ®0 then dn : Ni/x N^(i)/Y,, 
has one-dimensional kernel along /. In this case / is contained in the ramification divisor 
R of TT. The last is possible only for a finite number of I's. Therefore, at least for 
the general tangent fine Z C -S" to C, the fine 7r{l) C n{S) is a (—1, l)-hne on Is, i.e. 
N^(i)/Y-, = C(-l) © 0(1). Therefore 7r(S') C Y5 coincides with the surface S_i^i C Y5 
swept-out by the (—1, l)-lines on Y^, which in turn is a tangent scroll to a rational normal 
sextic (see [FN]). Clearly i: : S —>■ S-i^i is an isomorphism and is the tangent scroll 
to 7i{Cg). 

Assume first that S — R. Then S-i^i — n{S) — B ^ R. Therefore X is singular 
along Cq since the branch locus 5 = ^^i i of vr is singular along Cq. In order to prove 
Lemma (A) for g = 6 (second kind) it rests to see the general X[q D 5*10 such that S ^ R 
is singular. This will imply that any X[q C 5*10 must be singular - since the property 
X[q C S'lo to have a singularity is a closed condition. 
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Since tt : X(q ^ I5 is a 2-sheeted covering with a ramification divisor R, then 
i/°(X(o, 0(1)) = Ti*H\Y5, 0(1)) + C.R where R is the hyperplane equation oi R C X[q. 
Therefore, since S = 7r(5') and S ^ R, then t^{S) is tangent to the branch locus S of tt 
along a (possibly singular) canonical curve Ofg = B n H = n{S) fl i7 for some hyperplane 
H C P^. Since ti{S) = S-i^i then the general X[q D S = Siq, S ^ R comes from a branch 
locus B totally tangent to along a general hyperplane section H fl .S-i^i. Since H is 
general then H intersects the rational normal sextic 71(06) at 6 points Pi, ...,P6 such that 
Pi 7^ pj for i ^ j. By Pi & B and the identification B — R, we may cosider pi as points on 
R C X(o. We shall see that 

(*) Lemma, pi e Sing X[q, i — 1, 6. 

Proof of (*). Let Ui C Y5 be a sufficiently small neighborhood of the point p,. Since 

Y5 is smooth, wc can identify Ui with a disk in C^, and let {u,v,w) be local coordinates 
in Ui s.t. Pi = (0,0,0). Let f{u,v,w) = be the local equation of 6*10 in Ui. Since Sio 
is the tangent scroll to the smooth rational curve Oe, and pi e Oe, one can choose the 
coordinates u, v, w such that f — u^ — v'^ (since the scroll 5'io has a double cusp-singularity 
along Oe - see Lemma (2.3)). Let q — and h — Ohe the local equations of B and H in 
Ui. Since B and Sio are singular along Cf^ — B (1 H = Sio r\ H, h?, f and q arc linearly 
dependent, i.e. ah'^ + Pf + •yq = for some constants a, (3, 7. Moreover « 7^ and 7 7^ 
since 7r(S') = S and 7r(S') 7^ -B, and one may assume that /? 7^ (otherwise 5 = 2H and 
X(q will be singular along the surface i^^ed — -Bred = -f^)- Since PiGif, /i(0,0,0) = and 
/i = aw-|-iw-|-cu'-|- 0(2), where o{k) denotes a sum of terms of degree > k. Therefore the 
surface B is singular at Pi since S fl C/j = (g = 0), and the series expansion 

q{u, V, w) = —Phf — a/^h? = Phiv"^ — u^) — a/^{au -\- hv -\- cw -\- o(2))^ 

has no hnear term. Since B is the branch locus of tt : X[q — > Y5, the threefold X[q will be 
also singular at pj G i? = -B, i = 1, 6. In addition, the 6 = 12 — g{X[(^ singular points 
Pi, ...,P6 of X[q lie on the rational normal curve Cq C X[q. q.e.d. 

Proof of Lemma (A) for g = 8. 

(3.16) The Da Palatini construction (see [Pu]). Let P^ = V{V) where V = 
and let V = HomdV, C) be the dual space of V. The points H e A^V = Homc{/\^V, C) 
can be regarded as skew-symmetric linear maps H -.V ^ V , and the hyperplanes [H ~ 
0) c P^^ = P(aV) can be regarded as points of P^^ = V{A^V). 

Let Pf = {H e A'^V) : rank{H) < 4}/C*. Then Pf is the Pfaff cubic hypersurface 
in P^^ defined, in coordinates, by vanishing of the cubic Pfaffian of the skew-symmetric 
(6 X 6)-matrix H. Let Uiq C A'^V be a 10-dimensional subspace, and let 

U5 = U^o = {He A^V = HomciA^V, C) : H\u,, = 0}. 

Let moreover Uio C A'^V he such that rank{H) > 4 for any H & U^, and let Xu — 
G(2, 6) n P(t/io) and B, = Pfn PiU,). 

The construction "Da Palatini" of G. Fano shows that any hyperplane P'^ C P{V) 
defines a birational isomorphism ^ : X14 — > ^3 which can be described as follows (see 
[Pu]): 



13 



Identify the point b & and the (projective equivalence class of) the skew-symmetric 
6x6 matrix corresponding to b. Since rank & = 4 for any b & the projective kernel rib 
of b will be a line in Let W := UbeBa {rib = P(i^er b)} C 

The fourfold W can be described by an alternative way. Identify the point / G G(l : 5) 
and the line / C P^ and let W := U{/ C P^|/ G Xu} C P^ Then (see [Pu, p. 83]): 

(a) , for the general v G W there exists a unique I G X14 such that v G I; 

(b) . for the general w E W there exists a unique b E B such that w G rib; 

(c) . W' = W. 

Let if C P^ be a general hypcrplane. Then, by (a), (b) and (c), the maps : X14 — > 
H nV, (p{l) = H nl and : B3 ^ H CiV, ip{b) = H Drib are birational isomorphisms. 
The composition C — Ch — ° '■ X^ — > S3 is a birational isomorphism, depending on 
the choice of the hyperplane if C P^ (see [Pu, p. 85]). 

(3.17) The dual cubic fourfold of 5'i4. By Lemma (3.8) (ii) the curve Cg is the 

Pliickcr image of the tangent scroll to a rational normal quintic C5 : {xq : ... : x^) = s = 



{l:s:s^ 



s^) in P^(a;). The points of the curve Cg are the Pliicker coordinates Xij{s) 



of the point s G C5: 



/ 



V 



1 

s 
... 



2s 
2 



2s^ 




4s3 
3s4 





4s5 
3^6 





Therefore = G{2, 6) n P^ where P^ = (ii, 







iig = 0) C P^^ and: 



Ho-- 



^03 ' 

- Xi4 



3x12, Hi -- 

- 3X23, H4 



Xo4 - 



2X13, H2 -- 

- 2X24, Hrj 



3X05 

= X25 - 



- 5Xi4, 

3x34. 



Let :=< iio, ...,if5 >C P^"^ be the projective linear span of {iio, ...,H{\, and let 
B3 = i^/n < Ho,...,H5 >. Introduce projective coordinates {to : ... : t^) in 11^ such 
that the point {to, ...,t5) represents the vector toHo + ... + tsifs. Then the cubic 4-fold 
B3 = P/np5(to : ••• : h) is defined by B3 : F = 32toi2i5 -^0^3*5 - Sif^s - 2ioiI + 3tii3t4 - 
12tit2t4 - 45tp3 - 9t2tl = 0. 

The 6-vector (0, 0) is the only value of {to, ^5) where the 15 Pfaffians Pfij{to, tg) 
of the matrix H{to, ^5) = to-f^o + ••• +^5-f^5 vanish. Therefore rank 6 = 4 for any b G B3. 

The fourfold B3 = (F = 0) C 11^ is singular, and it is is not hard to check that 
Sing B3 = (V(t„:...:f-)F = (0, ...,0)) C 11^ is the rational normal quartic curve C4 = 
{[r] = (1 : 2r : r^/3 : 8r^/3 : 2r^ : r^)|r G C}; for simplicity we let to = 1. 

(3.18) Now we are ready to prove Lemma (A) for g = 8. 

Let Xi4 = G{2, 6) n P9 = P(f/io) be such that X^ D Su, and let B^ = Pfn ^{U^^). 
Then ^14 C Xi4 = G{2,V) n P(?7io) ^ P^ = Span C P(t/io) = Span X14 ^ 
V{Uto) C <^ S3 C B3. Since S3 C B3 then rank{H) = 4 for any H e B3 (see 
(3.17)), hence the Da Palatini birationalities ^ : Xu — > S3 (see (3.16)) are well-defined. 



14 



Assume that X14 is smooth. Then B3 must be smooth (see above or [Pu, p. 83]). 
But S3 must be singular at any of the intersection points of the hyperplane P{U^) C 
and the rational quartic curve C4 = Sing B3 - contradiction (see the end of (3.17)). 
Therefore any Xu ^ 'S'14 must be singular, q.e.d. 

(3.19) Remark. If P{U^) = SpaniC^) then is singular along C4, and it 
can be seen that then X14 is singular along Cg. Let P([/f^) 7^ Span{C/i). Then the 
hyperplane P(t/f^) C intersects the rational normal quartic C4 = Sing B3 in 4 possibly 
coincident points 61,62,^3,^4- Let, for simplicity hi be different from each other. Then 
one can show that the general Da Palatini birationality <-> X14 sends {61, 62, 63, 64} to 
4 = 12 — g{Xn) singular points of X14 which lie on Cg. Let C be a hyperplane, 
and let : i?3 — ^ Xu be the Da Palatini birationality defined by H . We shall see that 
for the general H the rational map ^Jj^ = ipH is regular at a neighborhood of any 6j, and 
^H^ih) e Cg. For this, by the definition of the maps (p and it is necessary to see that 
the kernel-map ker : B3 ^ G{1 : 5), b ^ ni, sends the quartic C4 isomorphically to Cg. 

Let b = (bij) G -B3. Then the Pliickcr coordinates of the line nf, — ker{b) are 
{—iy^^Pfij{b), where Pfij{b) are the 15 quadratic Pfaffians of the skew-symmetric matrix 
6; note that rank{b) = 4 for any 6 G -B3 C B3. Now, it rests only to replace b by the 
general point b{t) = Hq + tHi + t^/l2H2 + 2t'^/3Hs + t^/AH^ + t^/lGH^ G C4, and to see 
that the Pliicker coordinates of b{t) parameterize the general point Xij{s) of Cg (where 
s = 2/t) - see (3.17). 

Proof of Lemma (A) for g = 7 

(3.20) In the proof of Lemma (A) for g = 7 we shall need the known by [12] 
description of the projection from a line / on a smooth prime Fano threefold X2g-2 such 
that Ni/x = 0(1) ©C(-2). 

(3.21) Lemma (see §1 Proposition 3 in [12]). Let I be a line on the smooth prime 
Fano threefold X = X2g-2 C P»+^ such that Ni/x = Oi{-2) Oi{l), and let a : X' ^ X 
be the blow up of 1. Let Z' = a~^{l), let H' ~ a*H — Z' be the proper preimage of the 
hyperplane section H of X , and let tt : X ^ X" C P^^^ be the projection from I. Then: 

(i) . If g > 5 then the composition (I) = n o a : X' ps-i jg ^ birational morphism 
(given by the linear system \ H' \), to a threefold X" C P^~^. 

(ii) . The restriction to Z' — P(A^;/y) = F3 of the linear system \ H' \ is the complete 
linear system \ s' + 3/' |, where s' and f are the classes of the exceptional section and 
the fiber of the rational ruled surface Z' . 

(iii) . The restriction (f) \z> of (f) to Z' maps Z' to a cone Z" over a twisted cubic curve, 
contracting the exceptional section s' of Z' to the vertex of Z" . 

(iv) . If g > 7 then there are only a finite number of lines li C X (i — 1,...,N) 
which intersect I. Let l[ C X' of (i = 1, ...,N) be the proper preimages I'- C X' of 
(i = 1, ...,N). Then the morphism (p : X' X" is an isomorphism outside I'lU ...Ul'j^fUs' , 
and (f) contracts s' and any of I'- to isolated double points of X" . 

(v) . Let H" = (t){H') be the hyperplane section of X" . Then if g > 7 then —Kx" ~ 
H" , i.e. the variety X" — -'^2(g-2)-2 P^~^ is an anticanonically embedded Fano threefold 
with isolated singularities as in (iv). 
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(3.22) Suppose that there exists a smooth prime X = C which contains 
the tangent scroll 5'i2 to the rational normal curve C7. Therefore the general such X is 
smooth, and we may suppose that X D 5'i2 is general. 

Let / C 5*12 be any of the tangent lines to Cj and let tt : X X" be the projection 
from /. By [12, §1] (see also (1.2)) Ni/x = 0{1) © 0(-2), therefore (3.21)(i)-(v) take 
place. 

By (3.21) (v) the threefold X" — Xg C is an anticanonically embedded Fano 
threefold of genus 5. Let S" C X" be the proper image of 5'i2, and let C" C S" C X" be 
the proper image of C7. It is easy to see that C" — C5 is a rational normal quintic, and 
S" = S'^ C X" is the tangent scroll to C". 

In order to use the proof of Lemma (A) for g = 5 we have to see whether X^ C 
P^ is, in fact, a complete intersection of three quadrics. If X" were nonsingular then 
the classification of the smooth Fano threefolds will imply that X" will be a complete 
intersection of three quadrics. But X" is singular - sec (3.21)(iv),(v). 

However, especially in this case, X" = X^ C P^ is still a complete intersection of three 
quadrics (see Theorem (6.1) (vii) in [II]). 

Denote by Sing{X)nC the set of singular points oiX — X12 on C, and let Sing{X")n 
C" be the set of singular points of X" on C" . 

(3.23) By the proof of Lemma (A) for g — 5, the elements of Sing{X") fl C are 
in a (1:1) correspondence with the different zeros of a homogeneous form ^7(50 : si) of 
degree 7 (see (3.6)). Clearly, the vertex o of Z" lies on C". Moreover, by (3.21)(iv), o 
is a double singularity of X". Since / fl Sing X = 0, and since the tangent lines /' 7^ / 
to C = C7 do not intersect I, (3.21) (iv) yield that, set-theoretically: Sing{X) n C = 
Sing{X")nC" - {o}. 

Let ^7(50 : si) = be as above. Since dim Sing X" = 0, the form F7 does not vanish 
on C7; and we can assume that o = (1:0) and ^7(0 : 1) 7^ 0. Therefore if s = Si/sq 
and fris) = F{1 : s) then deg fris) = 7. By the previous the elements of Sing{X) fl C 
correspond to the different zeros of the polynomial s~™./7(s) = 0, where m = multo fris). 

By the local definition of m, the integer m — m{o) = multofjis) does not depend on 
the genus > 7 of -^25-2 as well on the choice of the general tangent line I to Cg. It can 
be seen that m = 2, but for the proof it is enough to know that m < 2. 

(*) Lemma, m < 2. 

Proof of (*). By construction X" D S" U Z" where S" = S'^ is the tangent scroll to 
the rational normal quintic C" = C5 such that o G C", Z" is a cone over a twisted cubic, 
and o is the vertex of Z . Moreover Z" is triple tangent to S" at the tangent line F to 
C" at o. Indeed S" is a hyperplane section of Z" which passes through the vertex o of 
Z. Therefore S".Z — fi + f2 + fs is a sum of 3 rulings of Z". Since are rulings of Z, 

E fi for i = 1, 2, 3. Therefore any fi is a line on the tangent scroll S" to C" which passes 
through o G C". Therefore fi = F must be a tangent line to C" at o, i.e. S" .Z" = 3F. 

By Theorem 9.9 in [13], the general complete intersection Xg C P^ of three quadrics, 
containing a cone Z3 over a twisted cubic, is a projection of X12 from a line / such that 
Ni/x-^2 = ^(1) ® ^(~2). The inverse of the projection tti is defined by the hnear system 

1 H + Zs I, where H is the hyperplane section of Xs- 
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Let Xs D Z^U Ss be as above. Then X12 will contain a tangent scroll 5*12 to a rational 
normal curve C7, and I will be a tangent line to C7. Therefore any Xg D Z^U Sg will be 
a deformation of a projection of X12 C <S'i2 from a tangent line to Gr- 
it rests to see that mlXs) — multofr < 2 for /y corresponding, as above, to some 
particular such X^. 

Example. Let P^{x) = P^(.To : ... : .T5), and let go = —XqX^ + AxiX^ — 3x1, = 
—X0X5 + 8x1X4 — 2x2X3, q2 = —X1X5 + 4x2X4 — 8x3. Then 5*8 = (go = 9i = 92 = 0) C P^(x) 
will be the tangent scroll to the rational normal quintic C5 : Xj = Sq ''s\ (0 < i < 5). 

Let Xs — {Qo — Qi = Q2 = 0) C P^(x : u) = P^(xo : xi : X2 : X3 : X4 : X5 : u), where 

Qo = qo + Lo{x4 : X5)u, 

<5i = ?i + (12xi + Li{x4 : X + 5))w, 

<52 = ?2 + (27/2x2 + L2(x4 : Xs))^, 

Lq, Li and L2 being linear forms of (X4 : X5). Evidently Xg n {u — 0) — Ss- 

Let P^ = P^(xo : xi : X2 : Xs : m) C P^ and let Z3 = n P^. Then Z3 = (Pq = Pi = 

P2 = 0) C P"^, where Pq = X1X3/8 — .x'2/4, Pi = XiU — X2X3/6, P2 = X2U — Xg/Q. 

Therefore Z^ is a cone with center o = (1 : : ... : 0) G C5 over the twisted cubic curve 
= Z^D (xq = 0), C3 : (xi : X2 : X3 : m) = (tg : '^t'o^i '■ 3to^i : ^i)- Let s — Si/sq, and we 

may suppose that the point (0 : ... : : 1) e C5 is not a singular point of X^- Then, by 

(3.6), the equation of {Sing -^^8)106 is 

fris) = s'^dQo/du(l : s : ... : s^)-sdQi/du{l : s : ... : s^)+dQ2/du{l : s : ... : s^) 
= s'Lo{s\ s') - s{12s + L,{s\ s')) + {27 /2s'' + L2{s\ s^)) = 3/2s2 + o{s^), 

where o(s^) is a sum of terms of degree > 3. Therefore ■m{Xs) — multofvis) — 2. q.e.d. 

(3.24) Let X ^ X12D S12 be general. Since m<2 then deg s-'^fris) > 7 - 2 = 5 
— 12 — g{Xi2) > 0. In particular g{s) :— s^"^f7{s) is not a constant. Since g{0) ^ 0, and 
since the elements of Sing{X) fl C are in a (1:1) correspondence with the different zeros 
of g{s) = s~™/7(s) (see above), then X12 must be singular, which contradicts the initial 
assumption. This proves Lemma (A) for = 7. 

Proof of Lemma (A) for g = 9. 

(3.25) Let XiQ C P^° contains the tangent scroll S = Siq to the rational normal 
curve C — Cg, and suppose that nevertheless Xiq is smooth. 

Let L C X16 be a tangent line to C, and consider the double projection tt = n2L of 
X from the line L, i.e. tt is the rational map on X defined by the non-complete linear 
system |Ox(l — 2L)|. Since X = Xiq is assumed to be smooth then, by §2 in [12]: 

(*). TT = 7121 sends X birationally to P^. Moreover, on P^ there exists a smooth 
irreducible curve C = of genus 3 and degree 7, which hes on a unique cubic surface 
S3 C P^, and such that the inverse to tt birational map : P^ — > X is given by the 
non-complete linear system |Cp3(7 — 2C)|. 

By (*), the proper image 7r(i?) of any hyperplane section C X is an irreducible 
component of an effective divisor 5*7 e |Cp3(7 — 2C)|. If moreover H contains the line L 
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but H ^ |C'x(l — 2L)| (for example if if = Siq) then ti{H) C will be a quartic surface 
containing the curve C — (see the proof of the Main Theorem in §2 of [12]), and in 
this case ,^7 = tt{H) + e |Op3(7 - 2C)|. 

Therefore :— 'k{S-iq) is a quartic surface in containing the curve C — Cf. 
Moreover, the double projection vr sends the general tangent line L' to Cg to a tangent 
line 7r(L') to the proper image tt{Cq); and since Cg = P^ then 7r(C9) is rational. Therefore 
the quartic surface 5*4 = 7r(S'i6) is the tangent scroll to the rational curve 7r(Cg) C P^. 
The last is only possible if 7r(Cg) = C3 is a twisted cubic and 5*4 is the tangent scroll to 
C3, and we shall see that this is impossible. 

The surface C P^ is the tangent scroll to the twisted cubic C3. Then, by Lemma 
1.6 and p. 498 in [MU], the normalization of 6*4 is the quadric P-*- x P-^, and the map 
i/ : P^ X P-*^ ^ 5*4 is given by a linear system of bidegrcc (1, 2). 

Let FcP^xP^be the proper transform of C7, and let (a, 6) be the bidegree of F. 
Therefore 7 = deg{C^) = 2a + 6, and 3 = g{C^) = g{T) = (a - 1)(6- 1). Obviously, these 
two equations for the integers a and b have no integral solutions - contradiction. 

Therefore Xiq D Siq can't be smooth, which proves Lemma (A) in case g — 9. 

This completes the proof of Lemma (A). 
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